We discuss a qubit weakly coupled to a finite-size heat bath (calorimeter) from the point of view of quantum thermodynamics. The energy deposited to this environment together with the state of the qubit provides a basis to analyze the heat and work statistics of this closed combined system. We present results on two representative models, where the bath is composed of two-level systems or harmonic oscillators, respectively. Finally, we derive results for an open quantum system composed of the above qubit plus finite-size bath, but now the latter is coupled to a practically infinite bath of the same nature of oscillators or two-level systems.
I. INTRODUCTION
Currently there is considerable interest to understand thermodynamics of small systems, see, e.g., [1] and references therein. In the classical regime, experiments have been devised that accurately confirm many of the modern relations relating to heat and work statistics in stochastic thermodynamics. Yet in quantum systems, measuring such quantities poses naturally new questions according to general principles of quantum mechanics. One of the measurement strategies in this respect is to observe the heat deposited to classical environment by a thermometer (calorimeter) operating at sub-kelvin temperatures [2] . In practice, measuring the full environment, for instance in form of the heat bath, is by no means a trivial task. An ideal bath is infinite, and measuring all of it is not possible. To measure tiny energy exchanges in mesoscopic devices one definitely needs a small-sized calorimeter playing role of a thermal bath for a quantum device. On the other hand, if the bath is finite, which is the topic of the current work, it is not in full equilibrium under the influence of energy (heat) exchanged between the quantum system under study and this mini-bath.
It is the aim of this work to present minimal theoretical models of finite-size environments and to investigate non-equilibrium behavior and fluctuation relations (FRs) in these set-ups. Within these models, the quantum device is coupled to a finite-size calorimeter, which, in turn, may be coupled with the true bath. In particular, we will consider to what extent measurement with a finitesize calorimeter can reveal the predictions of the Crooks fluctuation theorem [3] and Jarzynski equality [4, 5] . We will show that these relationships are satisfied even if the quantum device and the calorimeter form an open system when the initial state is taken to be a factorized canonical configuration. If the calorimeter is coupled to the true bath, then to keep the FRs valid one has to keep track of the energy exchange between the calorimeter and the bath. However, if all the energy flow from the device to the calorimeter is measured at the level of single quanta one can still satisfy the FRs. This is because within our model all the heat flow from the device to the true bath takes place through the calorimeter.
The paper is organized as follows. In Sec. II we describe the model set-ups to be studied and formulate main equations. Dynamics of a qubit coupled to a finitesize calorimeter is analyzed in Sec. III. Results of numerical analysis of heat and work distributions and their discussion are given in Sec. IV. In Appendix we present analytic treatment of the FRs for the case when at most a single quantum jump takes place. consider here. They compose of a qubit with energy gap hω 0 , which can be driven by an external classical source. The qubit is coupled to a finite bath of N c two-level systems (TLSs, Fig. 1 (a) ) or harmonic oscillators (HOs, Fig. 1 (b) ), generically called "fluctuators", with level spacing of the k-th oscillator equal tohΩ k . We call this bath a "calorimeter" in what follows. In Fig. 1 (c) the calorimeter is further coupled to a large bath of N b fluctuators, mimicking a virtually infinite-size thermal bath. We consider here the case when both the calorimeter and the bath consist of TLSs. Two-level tunneling systems are generic for disordered systems [6, 7] , they couple to quantum devices leading to their decoherence, see [8, 9] and references therein for a review.
II. MODEL SET-UPS AND MAIN EQUATIONS
We will characterize the qubit by the 1/2-spin S interacting with fluctuators (two-level systems) of the calorimeter characterized by the 1/2-spins s i . Then the Hamiltonian takes the form
Here the qubit Hamiltonian, H q , can be expressed as
In this expression and in the following onesS i denote the qubit pseudo-spin operators in the "left-right" representation while S i are the operators in the eigen representation of the qubit. The qubit is subjected to a "manipulation" field F , described by the Hamiltonian
The two-level fluctuators in the calorimeter part are specified in a similar way,
where ε i = δ 2 i + λ 2 i . Since both the qubit and the fluctuators interact with a bath we have to add the Hamiltonian of the bath, H b . It is given by the expression similar to Eq. (4), but with i ∈ b. The interaction terms can be specified as
In the above expressions,hω 0 is the distance between the qubit levels, ε is the distance between the fluctuator's levels, S i and s i are the Pauli matrices acting respectively in the spaces of the qubit and the fluctuator, and v i and u i are the diagonal and off-diagonal coupling constants, respectively. The diagonal qubit-fluctuator interaction ∝ S z s z is responsible for the dephasing of the qubit due to transitions of the fluctuators between their
states. This contribution is mostly important far from the resonance between the qubit and a fluctuator. A similar Hamiltonian has been derived and investigated in connection with spectral diffusion in glasses [10] [11] [12] . On the contrary, the off-diagonal part is important only when the qubit and the fluctuator have nearly the same energy splitting, |hω 0 − ε i | hω 0 . Importance of this interaction was stressed in Ref. 13 . Its manifestations were then studied in several papers, see, e.g., [14] [15] [16] [17] and references therein.
For simplicity, we omit direct interaction of the qubit with phonons/photons. This interaction is assumed to be included into the energy relaxation rate,h/τ 1 , and the dephasing rate,h/τ 2 , of the qubit in the Bloch-Redfield equations [18, 19] for the qubit density matrix. The same assumption is made for the TLSs forming the calorimeter and the bath.
We will also assume that
where β = 1/(k B T ) is the inverse of bath temperature T . Under these assumptions one can ignore coherent coupling between the qubit and fluctuators (as well as between different fluctuatotrs) and consider the action of the fluctuators as a stochastic noise. Following the procedure outlined in Ref. 20 we can present the noise spectrum as
Here
Note that θ i in general depend on the operating points of both the qubit and i-th fluctuator. The quantity s z,i is the difference between the populations of the upper and the lower level of the i-th fluctuator, s z,i = n i↓ − n i↑ . In thermal equilibrium s z,i = tanh(βε i /2). The quantities Γ 1,i ≡ 1/τ 1,i and Γ 2,i ≡ 1/τ 2,i are, respectively, the energy relaxation rate and the dephasing rate of the i-th fluctuator. Both quantities are assumed to be much smaller than the temperature of the bath, β −1 . The expression (8) is based on the standard assumption that the calorimeter contains a very large number of TLSs, the expressions P (i)
g,e = (1 ± s z,i )/2 are just the probabilities for the ground/excited state to be occupied. In a finite calorimeter, one has to take into account instantaneous rather than the average occupation numbers. Now we have mapped our system on a BlochRedfield dynamics of a qubit subjected to a noise induced by the set of dynamic fluctuators forming the "calorimeter". This noise contains low-frequency components [1st item in Eq. (8)] and high-frequency components [2nd and 3d items in Eq. (8)] allowing for the energy transfer.
III. QUBIT DYNAMICS
We proceed along the standard way to analyze the qubit dynamics. We introduce the reduced density matrix σ = Tr c (ρ), where ρ = σ ⊗ ρ c is the full density matrix, and the trace Tr c is taken over the degrees of freedom of the calorimeter.
The set of equations for the elements of the qubit density matrix can be cast in the forṁ
where g and e subscripts refer to the ground state and the excited state of the qubit. The first terms in the righthand sides can be easily obtained by direct commuting of the density matrix with the H man (in the interaction representation). The excitation, Γ ↑ , and relaxation, Γ ↓ , rates are then given by
They can be calculated using representation of the spin operators S and s through pseudo-fermions, as it was done for the cases of a spin interacting with electrons [21, 22] or a TLS interacting with phonons [23, 24] , or for S z s z interaction between two TLSs [25] . While deriving Eq. (9) we employed the rotating wave approximation [26] . In a finite calorimeter, the rates depend on the instantaneous state of the calorimeter through the factors P (i) e = δ ni,e or P (i) g = δ ni,g where δ a,b is the Kronecker symbol. Then we can express the "up" and "down" rates through the total number of the calorimeter TLSs,
Here ν 0 is the density of the TLSs' states assumed to be constant, and V c is the volume of the calorimeter. Assuming that M c of the calorimeter TLSs (the number determined by the incoherent dynamics of the calorimeter fluctuators interacting with the qubit and below with the bath) are in the ground state and that all the TLSs are coupled to the qubit with equal coupling constant γ, γ i | sin(θ i )| ≡ γ, we can express the rates as
The effective coupling is then given by g 2 c ≡ 2πγ 2 ν 0 V c /h. In this way we represent the calorimeter by N c TLSs that resonantly interact with the qubit and relax to a bath. Taking into account only these TLSs we can assign a heat capacity to the calorimeter of TLSs as
where E is the total energy of the TLSs. The calorimeter we discuss in the numerical examples below has thus a heat capacity C/k B ≈ 2, which is smaller than what one might obtain experimentally in a typical set up at sub-kelvin temperatures (C/k B ≈ 10 2 ...10 3 ) [2] . The effects that we discuss are thus enhanced correspondingly beyond those expected in the experiment.
We can ascribe to the calorimeter an effective temperature, T c , assuming that the relative number of resonant TLSs in the ground state in the calorimeter, M c /N c , is
Then
Note that M c is a stochastic variable, and therefore T c is also a stochastic one. Its distribution function is related to the distribution of M c , P (M c ), as
If the calorimeter would be composed of N c harmonic oscillators (HOs) instead, see Fig. 1 (b) , we would obtain with a similar procedure in place of Eqs. (12), cf. with [24] 
Here N k refers to the state of the k-th HO nearly degenerate with the qubit, andg A. Open system with TLS calorimeter and bath
In the following we consider the case when the finite TLS calorimeter is further coupled to another bath, see Fig. 1 (c) . This is a generalization of the model considered in [27] . We assume that the latter is composed of N b TLSs, with the same level spacing as the former one, and the qubit is not directly interacting with this bath but via the calorimeter only. Typically we consider the case N b N c , i.e., we take the bath to be virtually infinite. In this bath, like in the calorimeter, all the TLSs are in their eigenstates, M b of them in the ground state, and the remaining N b − M b in the excited state. With the same approach as in the earlier sections, one finds the rates in the calorimeter due to the coupling to the bath as
B. Dynamics of the open system
When we consider the open system formed of the qubit driven by H man (3) the evolution of the system can be modeled as follows based on the quantum trajectories [28] . We write the stochastic wavefunction of the qubit as
Take a short time interval ∆t, during which at most one jump, either between the qubit and the calorimeter, or between the calorimeter and the bath, can occur. Assume that prior to this time step,
TLSs of the calorimeter (bath) are in their ground state. There are then several possible outcomes about the state of the whole system at the end of time interval ∆t. (i) The qubit makes a jump to the ground state with the probability
When this happens, the following changes take place:
, and the energy (heat) released to the TLS calorimeter is ∆Q c = +hω 0 .
(ii) The qubit makes a jump to the excited state with the probability
Then M c → M c + 1, c → 0, d → 1, and ∆Q c = −hω 0 . In both the processes (i) and (ii), the heat to the bath ∆Q b vanishes. If no jump occurs in the qubit within ∆t, i.e., neither of the processes (i) or (ii) occurs, with probability 1 − ∆p
(iii) One of the calorimeter TLSs relaxes from the excited state to the ground state and one of the bath TLSs gets excited from the ground state to the excited state. The probability of this event is given by
When this process takes place, it leads to the the following changes: (iv) One of the calorimeter TLSs gets excited from the ground state to the excited state and one of the bath TLSs relaxes from the excited state to the ground state. The probability of this event is given by 
IV. DISTRIBUTIONS OF HEAT AND WORK
Based on the procedure described in the previous Section, the statistics of heat Q c , Q b , and Q c +Q b , and work W can then be analyzed in a given protocol. Q i is the sum over all the heat ∆Q i deposited and extracted in the evolution. The apparent work W = U + Q depends on what heat Q can be observed in the measurement. Here U is the change of the internal energy of the qubit, e.g., in a two-measurement protocol [29] . For simplicity and in order to check the validity of obvious fluctuation relations, we assume that the TLSs are initialized such that each of them is in the ground state with probability p g = (1+e −βhω0 ) −1 . The subsystems, in the present case the qubit and the TLS's in the calorimeter (and in the bath), are in their canonical states (with no coupling), see, e.g., [30] . This is a usual situation in an amorphous system where the distribution of the TLS's level splitting is broad and, as a result, resonant TLSs are located far from each other [11] .
Thus the probability of the calorimeter to be in a state with M c TLS's in the ground state is given by
and similarly for the bath by replacing indices "c" by "b". Figure 2 presents numerical results with our model for the system of Fig. 1 (c) . Apparently the heat distributions do not differ much from the work distributions for a qubit in most regimes of interest, since the internal energy can have only two possible values 0 orhω 0 . Therefore we focus on work distributions, as they can be readily assessed with regard of common fluctuation relations. Figure 2 demonstrates that the Crooks relation [3] (and thus the Jarzynski equality [4, 5] ) are valid within our model always when the coupling g Figure 4 shows the same quantities as in Fig. 3 but now against the delay time between the driving π-pulse and the measurement of the populations. In (a) we see that right after the end of the driving pulse, heat is released from the qubit to the calorimeter (demonstrated by increase of the average excited state population in the calorimeter), and later on the calorimeter releases the excess heat to the bath. The driving source of the qubit performs the work. No work is done after the driving is over. This is consistent with the behaviour of the "Jarzynski average" for U +Q b +Q c in Fig. 4 , but not for the quantity U + Q c , which depends on this delay time and is not equal to unity in general.
It is possible to prove analytically that the Crooks and Jarzynski fluctuation relations are satisfied. We show this in the Appendix for the case that the maximum number of jumps within each trajectory is one (singleand zero-jump processes). Here we refer to the system of Fig. 1 (a) .
In conclusion, the model presented allows us to make the following observations. (i) A finite bath (calorimeter) is driven into non-equilibrium, if it is not coupled sufficiently strongly to the true bath. (ii) An isolated qubit and calorimeter set-up ( Fig. 1 (a) ) satisfies Crooks and Jarzynski fluctuation relations, if the initial state is taken to be a factorized canonical configuration. (iii) If the calorimeter is further coupled to the true bath, the fluctuation relations fail if only the net energies into the system and calorimeter are taken into account. If the heat to the bath is included, the FRs are naturally valid again. (iv) Since all the heat of the calorimeter and bath are transported via the calorimeter, it is possible to assess and satisfy the FRs if one can detect the heat input from the system to the calorimeter. This is possible if one can detect the single quanta of relaxation and excitation events of the qubit by the calorimeter. Experimental progress on the corresponding electronic calorimeter coupled to a phonon bath has been reported recently in Refs. 31-33. In what follows we discuss the Crooks and Jarzynski equalities for trajectories up to a single jump. We assume that the qubit is driven resonantly in time τ . In the absence of jumps, the amplitudes of the wavefunction |ψ(τ ) = c(τ )|g + d(τ )|e evolve, up to the first order in ∆Γ = Γ ↓ − Γ ↑ as [34] 
where subscripts g and e refer to the evolution starting at τ = t i in the ground or the excited state, respectively. As written explicitly, the rates Γ ↑,↓ (M c ) are to be understood as those corresponding to the instantaneous state of the calorimeter. It is useful to define 
again up to the linear order in Γ's.
As an illustrative example we choose in what follows the duration of the drive t to correspond to a π-pulse, by setting F t/h = π.
Crooks and Jarzynski relations
We will evaluate the following expressions up to the linear order in Γs. In particular we calculate the ratios P i (−W )/P i (W ), where W is the work in a realization, and i = 0, 1 refers to the number of jumps in a trajectory.
The no-jump trajectories can yield work values W = −hω 0 , 0, +hω 0 depending on the outcome of the first and second measurement. Therefore in this case we evaluate P 0 (−hω 0 )/P 0 (+hω 0 ). W = +hω 0 for the process where the first measurement finds the system in the ground state and the second one in the excited state, with the probability
and correspondingly
and |d g (t, 0; M c )| 2 = |c e (t, 0; M c )| 2 = 1, which yield P 0 (−hω 0 )/P 0 (+hω 0 ) = p e /p g = e −βhω0 , (A.7)
i.e., the Crooks relation for no-jump trajectories. The trajectories with one jump yield W = −2hω 0 , −hω 0 , 0, +hω 0 or +2hω 0 . For instance, W = −2hω 0 arises for the realizations where the system starts in the excited state, makes one jump to the excited state and is found eventually in the ground state. The probability of such a process is given by In this case, for P 1 (−2hω 0 ) up to linear in Γs, we may set e −Πi(t1,t2;Mc) = 1, and we may drop the ∆Γ dependence in the populations yielding |c e (t 1 , t 2 ; M c )| 2 = sin 2 (π(t 1 − t 2 )/2t), and Then,
For equilibrium populations as here, Γ ↑,↓ (M c ) Mc = f (±hω 0 ), and P 1 (−2hω 0 )/P 1 (+2hω 0 ) = e −2hω0 , (A.12)
as expected.
One-jump trajectories leading to W = ±hω 0 are those where the system starts and ends in the same state, but makes one jump to the ground (excited) state in between. Therefore, for example for W = +hω 0 we have With similar arguments as above, we find 14) and analogously 15) and thus P 1 (−hω 0 )/P 1 (+hω 0 ) = e −hω0 , (A.16) again as expected. We have thus shown that the Crooks relation is valid for processes linear in Γs, i.e., zero and one-jump trajectories. Collecting all these contributions, we have P (−khω 0 )/P (+khω 0 ) = e −khω0 , (A.17)
for k = 0, 1, 2, and P (W ) ≡ P 0 (W ) + P 1 (W ). Finally, Jarzynski equality is valid since it (always) follows from Crooks equality. 
